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It is now widely accepted that the universe as we understand it is accelerating in expansion and 
fits the de Sitter model rather well. As such, a realistic assumption of black holes must place them 
on a de Sitter background and not Minkowski as is typically done in General Relativity. The most 
astrophysically relevant black hole is the uncharged, rotating Kerr solution, a member of the more 
general Kerr-Newman metrics. A generalization of the rotating Kerr black hole to a solution of 
the Einstein's equation with a cosmological constant A was discovered by Carter [J. It is typically 
referred to as the Kerr-de Sitter spacetime. Here, we discuss the horizon structure of this spacetime 
and its dependence on A. We recall that in a A > universe, the term 'extremal black hole' refers 
to a black hole with angular momentum J > M 2 . We obtain explicit numerical results for the black 
hole's maximal spin value and get a distribution of admissible Kerr holes in the (A, spin) parameter 
space. We look at the conformal structure of the extended spacetime and the embedding of the 
3-geometry of the spatial hypersurfaces. In analogy with Reissner-Nordstrom -de Sitter spacetime, 
in particular by considering the Kerr-de Sitter causal structure as a distortion of the Reissner- 
Nordstrom-de Sitter one, we show that spatial sections of the extended spacetime are 3-spheres 
containing 2-dimensional topologically spherical sections of the horizons of Kerr holes at the poles. 
Depending on how at = constant 3-space is defined these holes may be seen as black or white holes 
(four possible combinations). 



I. INTRODUCTION 

The WMAP results of the last decade (0], @) have confirmed the current cosmological paradigm: that our 

universe is given by the K.CDM model with the dark energy component equivalent to a cosmological "constant" A > 
making up almost three quarters of its total energy content (0.728 < Qa < 0.738 according to latest analysis in @]). 
The first indication of a dark energy component was obtained in 1998 when type la supernovae data were analyzed 
and pointed toward an accelerating expansion of the universe 

(d, 0)- While A made a negligible contribution to 
the total energy density of the early universe, the energy density of all other components (matter, cold dark matter, 
radiation, neutrinos and gravitational waves) decreases as the universe expands, so A became (at some point in the 
past) the dominant term in the total energy density. In the distant future, the other components will be several orders 
of magnitude smaller in density than A, thus they will become negligible. In this final state, the energy-momentum 
will be completely given by: 

Tpv = Ag MI/ . (1) 

The spatially homogeneous cosmological solution to Einstein's equation {G^ = 8^2^^) with this constant A as the 
source term is the de Sitter (dS) spacetime. First discovered by de Sitter in 1916 ([If, [j|, [H|), the de Sitter metric 
describes an empty universe whose expansion is ever accelerating as time rolls forward. It is best visualized as a 
4-dimensional hyperboloid (see [ll[ for nice illustrations) 

- X 2 + X 2 + X\ + Xl + X\ = r 2 c (2) 

embedded in 5-dimensional flat Minkowski spacetime 

ds 2 = -dXl + dXl + dX\ + dXi + dXl (3) 
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To visualize the geometry of dc Sitter spacetime in four dimensions, we perform a coordinate transformation from 
(Xq, Xi, X%, X3, X4) to (T, x, 9, 4>) coordinates that satisfy Eq.©. The transformation equations are 

r c smh(T/r c ) = X , r c cosh(T/r c ) cosx = X x , 

rc cosh(T/r c ) sin x cos # = X 2 , rc cosh(T/rc) sin x sin 6 cos <fi = X3, 

rc cosh(T/rc) sin \ sin 9 sin = X4, (4) 

where < x, < 7r and < < 27r. rc is a cosmological length scale that equals ^/3/A (often referred to as the 
Hubble length). With these substitutions, the de Sitter metric as given by Eq.© becomes [u|, [3 

ds 2 = -dT 2 + r 2 c cosh 2 (T/r c ) [d X 2 + sin 2 X (dO 2 + sin 2 d(f> 2 )] . (5) 

As can be seen from the metric of Eq. §E§ , the geometry of de Sitter spacetime is that of a 3-sphere which contracts to 
a minimum size at T = and then expands hyperbolically in time. The coordinates (T, x, 0, </>) are called the global 
coordinates of dc Sitter spacetime because they cover the entire 4-dimensional spacetime manifold. The T = constant 
surfaces are 3-spheres of constant positive curvature. 

There are other choices for coordinates in dS spacetime. One such system of coordinates (i, x, y, z) is the so-called 
conformally flat (flT|) slicing of the 4-dimensional hyperboloid given by the following relations: 

, {Xo + XA . r c X 2 . r c X 3 r c X 4 

t = rc In , x = , v = , z = , 

\ r c J 1 X + X x ' y X + X x ' X + X x ' W 

which give us the following for the de Sitter metric 

ds 2 = -di 2 + c 2i/rc (dx 2 + df + dz 2 ) . (7) 

Note that t = constant hypersurfaces are flat in this coordinate system. However, because t is ill-defined for Xq + X\ < 
0, the conformal coordinates cover only half of the hyperboloid. 

Finally, we can choose to use another set of coordinates (t, r, 9, <fi) given by the following [l2j : 



Xo = \jr 2 c — r 2 sinh t/rc , X x = y r 2 c — r 2 cosh t/rc, 
X 2 = r sin 8 cos 0, X3 = r sin 6 sin <f>, X^ = rcos0. (8) 

This set of coordinates is known as static coordinates because of the particular form that the dS metric acquires: 

ds 2 = - (l - y 2 ^j dt 2 + - - + r 2 (d0 2 + sin 2 6d0 2 ) . (9) 

Clearly, t = constant slices in this coordinate system are invariant under time translations and reversals. In other 
words, the 3-geometry of the hypersurfaces is constant in time i.e. static. As can be seen from the right hand panel 
of Fig. [U there is clearly a null boundary in the static slicing of de Sitter spacetime. Physically, this null surface 
corresponds to the cosmological horizon of de Sitter spacetime (where the expansion rate of spacetime exceeds the 
speed of light). This horizon is located at r = rc where rc is the root of = given in Eq.©: rc = y/3/A. This 
is the same rc as the one in Eqs.© — <j8j> . Although the significance of rc as a horizon only becomes apparent in 
static coordinates, it clearly is the cosmological characteristic length scale for de Sitter spacetime in all coordinate 
systems. Static coordinates are especially relevant since the Kerr-de Sitter metric is usually presented in terms of 
them, and the horizon structure of the Kerr-dc Sitter spacetime is most transparent in these coordinates. 

There has been a sporadic influx of interest on the Kerr-de Sitter solution since the 1970s. Most of this has been 
in the context of singularity theorems, string theory (mostly focused on Kerr-Anti-de Sitter) and trying to come up 
with physical interpretations for solutions to Einstein equation with three or more parameters. In this article, we 
provide a clear and concise introduction to this special solution. We also present numerical results that quantify the 
properties of Kerr black holes in this spacetime. We show that in a A > universe, the black hole spin can exceed the 
a = M bound and that for A > 1/9M -2 non-rotating black holes cannot exist. Finally, we clarify and provide some 
foundations for understanding what may be a well known but not so well grasped peculiarity of Reissner-Nordstrom-dc 
Sitter and Kerr-de Sitter solutions: The time reversal of the evolution neighboring regions that are separated by the 
null horizon rc- Although this time reversal is often mentioned in the literature, how it comes about has hardly ever 
been explained. 

The remainder of the paper is organized as follows. In Section |TT] we introduce Schwarzschild-de Sitter spacetime. 
This is our 'warm-up' cosmological model for Kerr-de Sitter. In section IIII1 we present a thorough study of the 
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FIG. 1: de Sitter spacetime presented in three different coordinate systems. From left to right, we have the Penrose diagrams 
with global, hyperbolic and static coordinates. As can be seen in the figure, global coordinates cover the entire manifold 
whereas static coordinates only cover a quarter of it. represent future(+) and past ( — ) null infinities. A peculiar property 
of de Sitter spacetime is that null future infinities J' ± can be spacelike surfaces [llj where all timelike and null lines end up. 
i~ , i° represent past timelike (0 < r < ro) and spacelike infinities, respectively (see [ll|], chapter 5). 



Kerr-de Sitter universe and present its peculiar properties. One of these is the possibility that the black hole spin 
parameter a may exceed the black hole mass parameter M. An extreme Kerr black hole in Kerr-de Sitter will have 
a > M; we provide numerical examples in section Hill In section ITVl we will investigate the conformal structure of t he 
Kerr-de Sitter universe and the extended spacetime. We extend the correspondence between Reissner-Nordstrom-dc 
Sitter (RNdS) and Kastor-Trashen (KT) spacetimes to an approximate correspondence between Kerr-de Sitter and 
KT spacetimes. With this we show that the extended Kerr-de Sitter spacetime can be physically interpreted as a 
3-sphere containing a Kerr hole and a counter-rotating Kerr hole located antipodally from one another. Thus the 
Kerr-de Sitter spacetime can be extended to two holes analogously to the extension of the charged RNdS case (first 
interpreted to represent two oppositely charged holes in [Hj]). 



II. SCHWARZSCHILD-DE SITTER UNIVERSE 



Schwarzschild-dc Sitter (SdS) spacetime is a spherically symmetric uncharged black hole solution to Einstein's 
equation with the cosmological constant A as the source term (Eq.([T])) [l3j], [l^], [l2j. It is described by two 
parameters: the black hole mass M and the cosmological constant A. Both of these parameters are taken to be 
positive in order to obtain the SdS solution. In static coordinates, the SdS metric is given by the following expression 



2M Ar 2 \ dr 2 



ds =-{ 1 - — -—) dt + {l _2_M_Af ) + rd ^ ( 10 ) 

where (Kl 2 , is the metric on a 2-sphere. To determine the position of the event horizon(s) in this spacetime, we must 
find where the expansion, O(^), of the outgoing null geodesies equals zero. Technically speaking, this method gives 
the locations of the apparent horizons, but since the spacetime is static, the apparent and the event horizons coincide. 
A quick computation (see Appendix A2 in [r| for details) shows that the expansion is proportional to of Eq. tflT)]) . 
So, the roots of 

, 2M Ar 2 . , 

9rr =1 5- = 11 

r 6 

give us the locations of the horizons in this spacetime. This equation is a truncated cubic which generally yields three 
complex roots. The condition for all three roots to be real is 9M 2 A < 1 (A = (9M 2 ) -1 corresponds to the degenerate 
horizon case where two real roots coincide). Even with this condition, only two of these three roots are positive. 
Physically, the smaller positive root corresponds to the Schwarzschild black hole horizon r# and the larger root to 
the cosmological horizon tq- The explicit expressions for the roots can be presented in the following form (also 
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see [H| and its Fig.l): 
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where 9 is denned by cos6» = -3\/AM. With the reality condition 9M 2 A < 1, > cos0 > -1 for M, A > 0. Thus, we 
have 7r/2 < 9 < it. In this range for 9, the positive roots are n and r$ with r3 < n; r2 is negative. So, r3 is the black 
hole horizon ru and r\ is the de Sitter horizon rc ■ The reality condition has the physical interpretation of imposing 
an upper mass limit M rnax = A~ 1//2 /3 on the Schwarzschild black hole; in other words, requiring that the black hole 
radius ru be roughly smaller than the size of the de Sitter horizon rc- Obviously, at 9M 2 A = 1 i.e. M = M max , the 
two horizons coincide (th = ?*c — A^ 1 / 2 ). 

The details of how one obtains the conformal structure of SdS spacetime can be found in [T^j . The Penrose-Carter 
diagram for the SdS spacetime [2(| is displayed in the lower-left panel of Fig. [3J Unlike in Schwarzschild spacetime, 
two separate coordinate charts are needed to cover the SdS spacetime. One proceeds by introducing Kruskal type 
null coordinates in the vicinity of the black hole horizon and Hawking- Gibbons coordinates [2(| in the vicinity of the 
cosmological horizon. Furthermore, there are now infinitely many regions where the Killing vector d/dt is timelike as 
opposed to only two regions in regular Schwarzschild spacetime. There is an infinite sequence of singularities r = 
and spacelike infinities r = oo in the conformal representation of SdS universe. So, on any spacelike hypersurface that 
we may pick in this extended spacetime, we would get a picture similar to that of an infinite number of beads on a 
wire. However, in this case, the beads are actually connected (but not causally) by throats of different sizes, which 
depend on how far into the black hole region (r < fjj ) a hypersurface crosses. The same goes for the maximum radii 
of the beads as a given hypersurface can go arbitrarily far beyond r = rc before 'exiting' through the companion 
cosmological horizon. We illustrate the geometries of two different hypersurfaces in the upper-right portion of Fig. [5] 

Furthermore, the 'color' of the 'black' hole that one observes is determined by where the observer's spacelike slice 
intersects a given horizon ru ■ Depending on the location of the intersection points, one may end up with any one of 
the following four combinations for the two trapped regions: Black Hole (BH) — BH, White Hole (WH) — WH, BH — 
WH, WH — BH (We define a BH to be a the region inside a future event horizon; a WH as the region inside a past 
event horizon). The various pairings between BHs and WHs are shown in the lower- right panel of Fig. [5] where we 
slice the m < f < fc region of spacetime with four different hypersurfaces extending from one hole to the next. 



III. KERR-DE SITTER SPACETIME 



The solution to Einstein's equation with cosmological constant describing a black hole with spin a is called the Kerr- 
dc Sitter (KdS) solution. It was found by Carter and was first published in the 1973 Les Houches lectures edited by 
DeWitt & DeWitt [l] . Later, it was discovered that this solution is a special case of the general Plebahski-Dcmiahski 
family of metrics [21 1, [22|], [23|, 24 1. The Plebahski-Demiahski solution is the most general solution for a Petrov 
Type D spacetime. Kerr-de Sitter happens to be a very restricted case of the general Plebansky-Dcmiansky solution 
with zero NUT charge, acceleration, electric and magnetic charges. In the Boyer-Lindquist like coordinates used by 
Carter, the Kerr-de Sitter metric is as follows 



ds 2 



(r 2 + a 2 cos 2 i 



dr 2 



d9 2 



1 + ja 2 cos 2 i 



1 



sin 



(r 2 



' cos 2 9) 



dt 



a sin 



f« 2 



where 



A 



A r = (r 2 + a 2 )(l - -r 2 ) - 2Mr = r 2 - 2Mr 



— a 2 cos 2 i 



(r 2 + a 2 cos 2 



a 2 - 



Ar 2 



adt - (r 2 + a 2 )d4> 
HHP 



-(r 2 +a 2 ). 



(12) 



(13) 



3 ' 3 

The constant A has the opposite sign here compared to Carter's original version in [l|; Hawking & Gibbons [2(| agree 
with our choice of sign for de Sitter. This choice of sign is consistent with our sign of A for SdS metric (see Eg. ([101 ). 
As is well known, the a -> 0, M ^0 limit of KdS is SdS. 
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FIG. 2: The Penrose diagrams for Schwarzschild (upper-left) and Schwarzschild-de Sitter (lower-left) spacetimes. The bottom 
diagram continues ad infinitum to the right and to the left with infinitely many curvature singularities (r = 0) and spacelike 
infinities (r = oo). label the future and past null infinities . Region I in SdS spacetime is analogous to region I of 

Schwarzschild spacetime where the Killing vector d/dt is timelike and future directed. It is timelike, but past directed in region 
IV and spacelike in regions II and III. The horizontal solid/red (labelled i) curve is a time-symmetric cut of the spacetime, 
whereas the dashed/green (ii) curve represents a more generic spacelike hypersurface. The "beads on a string" on the upper- 
right of the figure show the geometry along hypersurfaces i and ii. Of course, there is no string, but simply black/white 
hole throats connecting (not causally) each bead universe to the next. Finally in the lower-right panel, we slice a 2- hole, 
1-bead section of the SdS spacetime to illustrate the different scenarios involving white/black holes in the 3-geometry of the 
hypersurfaces. We pick 4 different hypersurfaces: red, solid (i); green, dashed (ii); blue, dotted (iii); black, dash-triple-dotted 
(iv). These slicings respectively give BH — BH, BH — WH, WH — BH, WH — WH within the chosen hypersurface. 



We will write Eq. p^)) in a more compact form: 
ds 2 = p 2 

where 



'dr 2 


d9 2 ' 


A 9 sin 2 9 


_A r 


h A7 


+ 

p 2 



dt . „ . dd 
a— - (r + a 2 )-± 



A,. 



dt . n 
a sin 



(14) 



A e = 1 + ^a 2 cos 2 9, 

O 

p 2 = (r 2 + a 2 cos 2 9), 
A 2 

2 = 1 + -a 2 . 



(15) 



Carter included the factor of S to ensure that there are no conical singularities on the spatial axis 9 = {0,7r}. We 
show the details of how this works in appendix [5] If desired, one can rescale the Boyer-Lindquist time coordinate t 
by a factor of E+ 1 ; the version of the KdS metric presented in [3l[ indeed embodies this slight modification. 
To see that this is indeed asymptotically de Sitter, consider the M = limit of Eq. (fl"2]) : 



ds 2 = (r 



1 a 2 cos 2 i 



dr 2 



d9 2 



sin 2 9 



1 



A 2 2 

j a cos 



(r 2 +a 2 )(l- Ar 2 /3) 

adt - (r 2 + a 2 )d<p 



1 + -a 2 cos 2 I 



(r 2 + a 2 cos 2 9) 
(r 2 +a 2 )(l-Ar 2 /3) 



1 



h 2 



[r 2 + a 2 cos 2 



dt — a sin 9 
1 + fa 2 



(16) 



It is not so obvious from Eq. (fll))) that what one has is regular de Sitter spacetime. This is because Carter's Boycr- 
Lindquist type coordinates need to be "untwisted" in order for us to really sec that Eq. (|16|) gives the dS metric. The 
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untwisting is realized by the following coordinate transformation: 

T = t/S, 4>= cf>-aM/3Z, 

ycosQ = rcos9, 

y 2 = I [r 2 A e + a 2 sm 2 9] . (17) 

By doing the algebra, one can show that these coordinate transformations yield the usual form of the de Sitter metric 
in (T, y, 0, <fi) coordinates: 

ds\ s = -(1 - Ay 2 /3)dT 2 + ^—L— dy 2 + y 2 (dQ 2 + sin 2 9 dp). (18) 

It is also interesting to note that one can cast the KdS spacctime into a Kerr-Schild like form. In general, the Kcrr- 
Newman vacuum solution to Einstein's equation can be written in a special form called the Kerr-Schild form of the 
metric. This form is given by ([H|],[26|], [32j], [33^. 

9nv = + ^Hk^ky, (19) 

where H is a function of spacetime coordinates and for the Kerr solution is proportional to the constant M: H = 
2Mr/p 2 . is the Minkowski metric of flat spacctime and k^ is a null vector with respect to both g^ v and i)^. Of 
course, here we are not dealing with the Minkowski metric; the M — > limit of Kerr-de Sitter metric is simply the de 
Sitter metric as was shown above. But in analogy to Eq. (|19|) . we write 

ds 2 = dsl + Hik^dx^) 2 , (20) 

where H = 2Mr/p 2 and c?Sq is the background de-Sitter metric. We can express this background in Kerr-Schild (KS) 
coordinates (r, r, 9, $): 

del = -^(1 - Ar 2 /3)dr 2 + ^—^-—^ + ^d9 2 + t+f s ^ o<&. (21) 
The null vector equals 

, , „ , p 2 , a sin 2 9 „ . . 

k^ = -JLdr + (r2+fl2) f 1 _ Ar2/3) ^ - — (22) 

The coordinate transformation that connects KS and BL coordinates is given in [3l| and is as follows: 

2M r A 2Mr 

dT = dt+ (l-Ar 2 /3)A r dr > M = ^-r dt+ (r 2 +a 2 )A r dr - (23) 

Applying this coordinate transformation to obtain Carter's form of the KdS metric in BL coordinates fEq. (fl"4|) ) is 
somewhat tedious, but straightforward. At first, the resulting metric in BL coordinates (t, r, 9, <j)) appears to be 
different: 



ds 2 = -^(l-Ar 2 /3)dt 2 ' 2Mr 



a sin 2 i 
dt 



P 2 



+ — - — sin" 9[d<j)- —dt l—dr z + ^-d9 2 . (24) 
a \ 3 / A r Ag 

However, with a little work, one can show that this is indeed Carter's metric (Eq. p^j) with the one difference in the 
scaling of the time coordinate by a factor of S = 1 + Aa 2 /3. 

We are interested in understanding the horizon structure of this spacetime. We look for the locations of the apparent 
horizons in the same way that we have done in section |n] First, we find the principal null vectors {t^,n^) of the 
spacetime. The Plebahski-Demiahski metrics are of Petrov Type D, which means that there are only two principal null 
vectors (25[, [22j. The £ M and n M are defined only up to an overall functional factor; we impose the standard relative 
normalization i^n^ = — 1, which still allows for a scaling of £ M with an inverse scaling of n^. We then compute the 
expansion of the outgoing null rays £ M on the 2-surface that is transverse to the 1+1 dimensional spacctime spanned 
by and n 11 ; where this expansion equals zero is the location of the apparent horizon. Mathematically speaking, we 
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solve 9(f) = q^jy nl u = with the metric of the transverse 2-surfaces given by q^ v — g^ v + [i^Tiv + n^£^)/(—£ a n a ). 
For KdS spacetime, in Carter's BL type coordinates, the outgoing null vector ^ M is 




r 2 + a 2 „ a „ 



Notice that ^ is a Killing vector of the spacetime. For the expansion, we obtain 

0(f) oc 3r A r . 



(25) 



(26) 



Here, we deliberately left out coefficients (all positive) that tell us nothing about the location of apparent horizons 
(where Qm = 0). 



e, 



where 



A r = 0; 
(r 2 + a 2 )(l 



A 



2Mr = 0; 



(r — r + )(r — r_)(r — rc)(r — r__) =0 



(27) 



Here, r± are the Kerr black hole horizons, and rc is the cosmological horizon, r < is another cosmological 

horizon "inside" the singularity at r = 0. Eq. ([2T|) yields four real roots only for certain values of A = A(M, a) or 
M = M(a,A). To determine what the limiting values are, we impose the restriction on the quartic formula [28| 
that all four roots be real. This translates to an upper bound for M that we call M max which is determined by the 
following equation: 







-4a 2 


3 




1 


















A 



A .- 



i 



A 



A ~ a ' 



Via 1 



ISMi 



(28) 



Only for M < M max do we get three distinct positive roots for A r , which give us the two black hole horizons r± and 
the cosmological horizon rc- Eq. ((28|) is rather complicated to solve analytically without assigning specific values for 
M and a. However, we can at least check this condition at the a = limit, which gives 



M < M„ 



1 



3VA' 



(29) 



agreeing with the Schwarzschild-de Sitter result. From a physical perspective, one sees that an upper bound on the 
black hole mass M simply reflects the fact that since the cosmology induces a relative recession speed between two 
radially separated points that increases with distance, the horizon of a larger black hole would be torn apart by the 
cosmic expansion. 

We prefer not to display the solutions for the roots of A r explicitly, since writing down the solutions of a quartic 
equation using the quartic formula is not always enlightening. By assigning values to the black hole's mass M and 
spin a, we can make the solutions to the quartic equation look less crowded without loss of generality. For simplicity, 
we set M equal to 1 and scale the values for a and A accordingly (recall that A has dimensions of (length) ~ 2 ). A very 
interesting case is determining the horizon locations for Kerr when a = M . One would naively expect that the black 
hole roots r_ and r + meet at a single location as this is the case in Kerr spacetime. But plotting this quartic function 
in the proper range for A shows that the function still possesses three separate, positive roots. Solving Ea.p8]) for 
M yields 



A, 



0.1528377 



(30) 



where we have introduced the dimensionlcss cosmological constant A = Af 2 A. Similary, for the spin, a, = a/M and 
radial distance f = r/M. At A = A max , the outer roots r+ and rc merge, which physically corresponds to what is 
called the extreme (or marginal) naked singularity case in [29j . The double root is a degenerate cosmological horizon 
and the smaller root r_ is the usual Cauchy horizon. Any value we pick for A less than A max w 0.1528377 should 
give us an asymptotically de Sitter spacetime with a regular Kerr black hole in it. Let us pick A = 0.1 for example 
(This should read AM 2 = 0.1 if we restore the dimensions). Solving the quartic for A r explicitly with M = a and 
A = 0.1 yields three positive roots (not two) to 



2r 



1 



0.1 



! (r 2 + l)=0, 



(31) 
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FIG. 3: Plot of a max and a m in versus A with the black hole mass M = 1. The upper, solid (red) curve (* marks) represents 
a ma x for a KdS black hole. Note that a ma x > M for all values of A > and a ma x = M only for the asymptotically flat Kerr 
case (A = 0). The lower, dotted (green) curve (square marks) represents a m i n , the minimum spin value the black hole needs to 
have in order to preserve its horizon structure. a m ; n becomes non-zero only for values of A greater than 1/9 = 0.111111 (the 
Schwarzschild-de Sitter limit). The two curves meet at the maximum value of A = 0.1778/M 2 . For A > A there is no black 
hole, but only a naked singularity. The ultimate extremal spin value at A = A equals a ~ 1.10084Af. 



which are 

f- w 0.8097645665, r+ 1.485880984, r G « 3.975723107. (32) 

Clearly, the r± are far from merging for this value of A, which tells us that the a = M value no longer represents the 
extremal Kerr black hole. Since we know that the A — > limit of KdS is regular Kerr spacetime, if we pick a much 
smaller value for A, we should get r_ ps r + . For example, for A = 10 -4 , one gets 

r_ w 0.9919334965, r+ « 1.008266559. 

These numerical results are simply counter-examples showing that a = M case does not yield an extremal Kerr black 
hole in Kerr-de Sitter spacetime. Then, what value of a = a max makes the black hole extremal? For extremality, the 
black hole horizons should coincide i.e. r + = r_. This implies that the surface gravity K of the Kerr-de Sitter black 
hole equals zero. Since r± are roots of A r , a fourth-order polynomial in r, the only way one can have r + = r_ is if 
the two roots merge at a local extremum of A r . Thus, the following condition needs to be satisfied at a = a max : 

d r A r (r = r±) = 0. (33) 

Since a max depends on A, we proceed by first specifying a value for A (setting up the cosmology) then solving the 
A r = quartic equation (Eq. ()27[) ) for the middle two roots r_ and r + . At this point, since the spin a is at a given 
arbitrary initial value, we do not expect that r+ = r_. To ensure this, we evaluate d r A r \ r=r± using a as a free 
parameter. Where this expression equals zero we conclude that the two roots r_ and r+ have merged to form an 
extremum of A r ; and as stated above, this only happens at a — a max . We use standard Newton- Raphson iteration 
where we input the values for M and A a priori then start with a conservative initial guess for the spin like a = 0.99. 
Then we increase a until we meet the condition in Eq. (|33[) . The final value reached by the numerical run is the 
maximal spin value a max that makes the Kerr black hole extremal. For example, for A = 0.1, the maximum value 
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for the spin is a max = 1.0409813 which is slightly above the asymptotically flat Kerr bound a = M. This means 
that the black hole can be "overspun" yet still maintain its horizon structure so long as a < a rnax . We present the 
results of a numerical evolution of a max as a function of A in Fig. [3] In the figure, the upper, solid (red) curve 
represents a max for a KdS black hole of M = 1 at a given A. Note that a max > M for all values of A > and we only 
obtain a max = M for the pure Kerr case (A = 0). Also in Fig. [3j the lower, dotted (green) curve represents a m i n , 
the minimum spin value the black hole needs to have in order to preserve its double horizon structure. Notice that 
a-min becomes non-zero only for values of A greater than 1/9 = 0.111111. The reader will recall that 1/9 corresponds 
to the Schwarzschild-dc Sitter limit of A < 1/9A/ 2 . So the green curve confirms what we already know: One can 
not have a non-spinning (a = 0) SdS black hole for values of A exceeding 1/9. Thus, if we are to have a black hole 
in a A > 1/9M 2 universe, it must be spinning. This could have interesting consequences on primordial black hole 
formation scenarios during the inflationary era of the early Universe. If we assume that the cosmology (A) is specified 
a priori, as it could be during inflation, then we have a minimum spin requirement for the black holes forming during 
this epoch. This could potentially forbid the formation of Schwarzschild black holes. 

Furthermore, as A increases, the spin lower bound a m in increases as well, thus shrinking the parameter space of 
admissible Kerr black holes in a de Sitter background. Once again, there is a physical interpretation for this behavior. 
As is well known, the Schwarzschild horizon is larger in size than the Kerr horizon of the same mass, so as we consider 
larger black hole spin, the horizon shrinks in size. As we consider larger A, the only black holes that can exist are 
those with smaller horizons, i.e. larger spin values: thus the need for a Kerr black hole to have a minimum spin value 
in a de Sitter background. Furthermore, the two curves in Fig. [3] meet at A = A m 0.1778A/ -2 , the maximum value 
of A allowing a black hole. If the cosmological constant is any larger than this ultimate value then the black hole can 
not hold itself together against the cosmic repulsion and simply leaves its place to a naked singularity, although how 
"naked" this singularity may be is open to debate. This is further discussed in Section [V] The extremal spin value a 
at A = A is also the ultimate value for black hole spin: a ps 1.10084M. 

It is straightforward to verify that a rnax represents an extremal Kerr black hole. We do this by computing the 
surface gravity of the KdS black hole at r = r+. As computed explicitly in the appendix [Bj the surface gravity of the 
Kerr-de Sitter black hole can be written as follows: 

«=^J^ r A r | r=r+ . (34) 



(The expression given in [3l| looks different, but can be manipulated to exactly equal Eq. (|34|l ). Since by definition an 
extreme black hole is one where the two horizons (roots of A r ) r_ and r + meet, one automatically has an extremum 
of A r at that meeting point i.e. d r A r \ r=r _ =r+ = 0. Thus, the KdS black hole with the doubly degenerate horizon 
(r_ = r+) is indeed an extremal black hole. 



IV. GLOBAL STRUCTURE 



We start by presenting the Penrose diagram for the Kcrr-dc Sitter spacetimc along the positive z-axis (symmetry 
axis 9 = 0) in FigfJJ Although the Penrose diagrams for Kerr spacetime are usually presented along an equatorial 
slice (9 = 7r/2), our choice for the spatial cross-section resembles the spherically symmetric Reissner-Nordstrdm-de 
Sitter more and is also the choice of Hawking & Gibbons in |2(ij . In fact, the Penrose diagram for KdS looks similar 
to that of Kerr (cf. [26|, j34[) except for the extra horizons at r = r__,rc and the fact that conformal infinity, J + , 
is replaced by a spacelike surface. This is consistent with the spacelike J + also found in de Sitter spacetime (A > 0). 
Just as in Kerr, one has the black hole event horizon at r = r+, the inner black hole [Cauchy] horizon at r = r_ and 
a ring singularity at r = which is pictured as the red dashed lines in Fig. 2) But unlike in Kerr, the ring singularity 

is no longer naked in the region where r < 0. It is cloaked beyond yet another horizon r < and past this horizon, 

there is yet another infinity r = — oo. A few words of caution about this diagram: (1) The infinities at r = oo and 
r = — oo are completely disjoined, (2) Technically speaking, the ring singularity lies on the 9 = ir/2 plane and not 
on the 9 = cut we are taking, but this somewhat misleading graphical representation of the singularity is standard 
treatment in the literature whether for Kerr or Kerr-de Sitter spacetimes (cf. [2(|, (jfj)- 

One can identify different regions of this spacetime. This is indeed what we will do explicitly in this section, first 
for Rcissncr-Nordstrom-dc Sitter spacetime then for KdS. The identifications will help reveal the physical picture for 
these spacetimes: the spatial manifold is a 3-sphere that contains a black/white hole at its antipodal points (poles at 
X = 0, 7r, see Eq.© ). Here and henceforth, when we say that a black hole (a 4-dim. object) is contained within a 
3-sphere, we mean that its 2-dim. event (or apparent) horizon is centered at the pole of the 3-sphere. 

Before continuing with the interpretation of the Kerr-de Sitter Penrose-Carter diagram, we first discuss the Reissncr- 
Nordstrom-de Sitter (RNdS) ([![) and Kastor-Traschen (KT) (j3^|) solutions. Just as one heavily draws on Reissner- 
Nordstrom spacetime to understand the conformal structure of Kerr spacetime, here we will draw on RNdS spacetime 
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FIG. 4: The Penrose-Carter diagrams for Kerr (left) and Kerr-de Sitter (right) spacetimes along the 8 = cut [2(|. When 

viewed together, the differences between the two spacetimes become obvious. In KdS there are four horizons labelled r , r_ , r+ 

and rc- As in Kerr, r± are the black hole horizons, but there are two extra horizons, r__, rc which are cosmological in nature. 
The infinities at r = ±oo are disjoined. The dashed (red) vertical lines represent the curvature singularities at r = 0. These 
are actually ring singularities that lie on the 6 — tt/2 plane. The Kerr singularity is naked when viewed from the region r < 

whereas in KdS, the same singularity is cloaked behind the horizon r— for observers at — oo < r < r < 0. The conformal 

diagram for KdS continues ad infinitum in all directions. As always, the transverse directions (9, (/>) have been suppressed. 



to suggest an interpretation of KdS. We will find that a section of the extended KdS manifold can be interpreted as 
a 3-sphere containing two counter-rotating Kerr holes: a black hole and a white hole located at antipodal points. A 
similar interpretation was first mentioned in [l4| for the RNdS case; it can be shown in a straightforward manner 
for the case of "extremal" (charge Q equaling mass M) RNdS spacetime. It turns out that this extremal RNdS 
spacetime is a single-black-hole Kastor-Traschen spacetime; there is an exact coordinate transformation relating the 
two solutions. (By construction, the KT solution can accommodate as many black holes as one wishes.) Most of the 
work on this was done by Brill and collaborators in (2||, [3(|, [HJ and throughout this article, we rely on their results 
repeatedly. 

Here, we are mostly interested in the single black hole KT spacetime and its coordinate charts. Nevertheless, we 
include a brief section on the many black hole KT solution in appendix [C] for the sake of completeness. 



A. Reissner-Nordstrom-de Sitter Spacetime 

The spherically symmetric, three parameter (M, A, Q) solution to Einstein's equation was also first written down 
by Carter in [l|. Here Q represents the electric charge of the black/white hole. The line element for this solution in 
static coordinates is 

ds 2 = -fdt 2 + f^dr 2 + r 2 dn 2 2 , (35) 

where 



2M Q 2 A 2 

/ = Syr) = 1 + — - T r > ( 36 ) 

r r z 6 



and d£l\ = dO 2 + sin 2 8d(j) 2 is the metric on the 2-sphere (S 2 ). Once again, the location of the horizons is determined 
by the roots of the quartic equation / = 0. As before, only for certain values of A < A max , does one get three real 
positive roots r_ < r + < rc representing the inner, outer black hole and the de Sitter horizons. This is what we 
will refer to as the generic case. There are, of course, non-generic cases where the quartic has only one re al p ositive 
root or degenerate double or triple roots. These more eccentric cases are mentioned in detail in [2!|, [H(. Here, 
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we are concerned with the generic, three positive root case. The Penrose diagram for this case looks exactly like the 
Penrose diagram displayed for KdS universe in Fig. 01 

For the generic case, where / > and r + < r < rc, the t = constant surfaces arc free of singularities. The spatial 
geometry on such a t = constant hypersurface is given by its spatial 3-metric 

ds 2 3 = f^dr 2 +r 2 dn 2 2 . (37) 

This can be embedded in 4-dimensional Euclidean space ds 2 E = dW 2 + dr 2 + r 2 d£l^ by the following definition [29| 



W = / V 7 /" 1 - 1 dr. (38) 



The embedding hypersurface has a minimum radius at the throat of the black hole (r = r + ) and maximum radius 
at the cosmological horizon (r = re). The spatial topology is S 2 x R . At this point, let us mention that removing 
both poles of a 3-spherc changes its topology from S 3 to S 2 x R 1 , which is the topology of spatial sections of RNdS 
spacetime. Certainly, hiding the poles of the 3-sphcre behind black/white hole event horizons is a good way to change 
the topology to the desired one. This is in line with Mellor and Moss's ([Hj]) physical interpretation of the extended 
RNdS spacetime as containing black/white holes at the poles of the de Sitter 3-sphere. In much of the literature the 
statement is made that there are two black holes (more precisely apparently no distinction is made between black 
holes and white holes). We will show that different spacelike slices in the same domain can cut a future horizon (BH) 
and/or a past horizon (white hole). In |4lj . Brill interprets these event horizons as wormhole mouths at the antipodal 
points of the large de Sitter universe. 

To further clarify Mellor and Moss's interpretation [ljj], consider the RNdS spacetime given by \Q\ = M . As in the 
a = M case in KdS, \Q\ = M in RNdS with A > is not extremal in the sense of yielding zero surface gravity for the 
black hole (i.e. r + = r_). For < M 2 A < 3/16, the spacetime has three horizons. At M = M crit = (3/16A) 1 / 2 , the 
outer event horizon and the cosmological horizon merge, thus yielding a degenerate cosmological horizon accompanying 
the inner Cauchy horizon at r = r_ (see eg. Fig 1 of J36|). For M > M cr i t , the spacetime has only the cosmological 
horizon and naked singularities (see [2{|, [3(|, [4lj for details and Penrose diagrams of these separate cases). Such 
solutions thus present potential violations of the cosmic censorship conjecture of Penrose [4(| . The issues of cosmic 
censorship violation are not the main focus of this article so we postpone our discussion to the end of section [Vl More 
details can be found in [30| . [4l| and p2| . 

In static coordinates the RNdS metric for the \Q\ = M case looks like 

ds 2 = -fdt 2 + f^dr 2 + r 2 dn 2 , (39) 

where we now have 

As before, the horizons are located at / = and there is a curvature singularity at r = 0. 

Because static coordinates break down at the horizons (43|, it is more useful to look at the RNdS spacetime with 
another set of coordinates (chart). Such a chart is given by cosmological coordinates that smoothly cover the entire 
region from r = to r — oo. A version of various charts covering different regions of de Sitter spacetime is presented 
in detail in [ll| . 

The \Q\ = M RNdS metric can be written in terms of these cosmological coordinates (3f|. The metric in the new 
coordinates is given by 

dr 2 

ds 2 = -— + U 2 (dR 2 + R 2 dil 2 2 ), (41) 

where 

M 

U = Ht + - (42) 

in which H = ±(A/3) 1 / 2 is the Hubble constant. The metric above uses the H > value. The coordinate transfor- 
mation equations from the static coordinates (t, r, 9, 4>) to the cosmological coordinates (r, R, 9, <fi) are 

r = HtR + M, (43) 

t = —\nHT-h(r), (44) 
H 

dh Hr 2 

dr ~ (r-M)f ( j 
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FIG. 5: Penrose diagram of the extended \Q\ = M Reissner-Nordstrom-de Sitter spacetime. The region bounded by the 
3-dotted-dashed (red) line represents a single (r, R) chart, r is the radial coordinate in the old static coordinates whereas R is 
in the new cosmological coordinates. For the \Q\ 7^ M generic case, a single r chart is not sufficient to cover the region enclosed 
by the red line segments (dashed-triple-dotted). Figure 5 of [2!| illustrates the generic case for this coordinate chart. 



It is straightforward to verify that one can go from Eq. (j3T))) to Eq. (|4"T]) using this coordinate transformation. The 
curvature singularity is located at U = i.e. HtR = —M. The event horizon r + is at (r, R) = (00, 0), the cosmological 
horizon rc is at (r,R) = (0, 00) and the inner horizon r_ is at (t,R) = (— 00, 0). The details of how these values 
come about are explained thoroughly in [37| . In fact, one could do the same coordinate transformation from static to 
cosmological coordinates for the regular de Sitter spacetime. This is done in [4l[ explicitly and the procedure parallels 
the one we have outlined above. 

One advantage of switching to cosmological coordinates is that a single (r, R) chart now covers four (t, r) charts 
ranging from r = to r = 00 and encompassing all three horizons. The boundaries of this chart are the singularity, 
the past inner horizon r_, the future event horizon r+, the past cosmological horizon rc and the future conforms! 
infinity at r = +00. Fig. [5] illustrates the region that a single (r, R) chart covers against the backdrop of the extended 
RNdS spacetime. It should be noted that for the generic \Q\ < M case, a single r chart is not sufficient to cover the 
region shown in Fig. [5] A 'lense-shaped region' [29[ in between R± = M ± \J M 2 — Q 2 would remain uncovered by 
the cosmological coordinates. More on this can be found in [29| and fill ]. 

A few words should be mentioned about the nature of the singularity in this coordinate system. Since H, M > 
and the singularity is located at U = Ht + M/R = 0, it exists only for r < 0. That is, there is no curvature 
singularity for r > 0; for positive values of r, the r = constant hypcrsurfaccs arc regular. These non-singular surfaces 
are asymptotically flat as R — > 00 and they have a throat-like cylindrical geometry near R = 0, which can be seen by 
considering the metric of Eq. (|4ip at some r = constant slice, near R = 0. This 3-dimcnsional line element reads 

M 2 

dl 2 = —dR 2 + M 2 dni. (46) 
R 2 y ' 

This is the metric of an infinitely long throat with cross-sectional area 47rM 2 . At t = 0, the spatial metric is still 
regular and looks like Eq. (|46[) everywhere. As r is rewound to negative values starting with 0~, a singularity forms at 
R = 00 and as r — > —00, the singularity moves in closer with ever decreasing values of R and truncates the 3-cylinder 
more and more. The spacetime shrinks to a point at r = —00. Instead of going backward in time, if we simply 
fast- forward, we see that what we have is a spacetime that expands out of a single singular point. Because of this 
property, the (r, R) chart with H > is called the expanding chart and usually is labelled by (r + , R). From a physical 
perspective, this agrees with our choice of the positive root for H = ±(A/3) 1 / 2 . 

There is a companion chart to the expanding chart that covers another equal size section of the RNdS spacetime. 
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FIG. 6: Time evolution of a contracting (t~,R) chart [33]. The singularity forms at (t-,R) = (0, oo) and grinds the space 
down as r_ increases tending to R = at r_ — > oo. The Penrose diagram corresponding to this process is presented in Fig. [7] 
The contracting chart is the region to the left of the blue dashed line. As can be seen from the figure, at early times (t_ < 0), 
there is no singularity, which then forms at r_ = and proceeds to grind the spacetime down for r_ > until there is nothing 
left but the Big Crunch itself. 



This chart is called the contracting chart and labelled by (r_ , R) . The metric of Eq. (|4ip now is written with 

M M 
U = Ht_ + - = -\H\t_ + -, (47) 

with the negative root of H chosen. Because r enters the metric Eq. pTj) only in the combination Ht the (r_, R) chart 
is actually the time reversed version of the expanding chart. The threshold moment is again r_ = 0, but this time the 
singularity forms at R = oo as t_ becomes positive since at U — 0, one has |-ff|r_ = Al/R. This obviously only holds 
true for positive values for r_. As r_ increases, the singularity approaches 'in' from R = oo and the entire spacetime 
collapses to a singularity at R = as t_ — s- oo (See Fig. [6] [30[ for an illustration of how the spatial hypersurfaces 
evolve). Clearly, things happen in the r_ chart in the exact opposite order of the way they happen in the r + chart. A 
similar version of these expanding/contracting cosmological charts were constructed for de Sitter spacetime by Brill 
in [4l|. Of course there, one has no curvature singularity at U = 0. 

The t± charts together cover a large portion of the extended RNdS spacetime. Fig. [7] displays both of these charts 
in the Penrose diagram of RNdS. The black hole event horizon r+ is given by (t±,R) = (±oo,0). The cosmological 
horizon rc is located at (t±, R) = (0, oo). Since both zbmetrics give U = M/R — > at r = rc (i.e. r± = 0) , they can 
be isomctrically identified, i.e. glued together. This is shown more clearly in Fig. [8] Furthermore, this identification 
i.e. gluing a +chart to a —chart repeats itself ad infinitum in the horizontal direction. 

It can be seen from Fig. [7] that timelike lines to the "left" of the stitching boundary rc must all go through the 
left-hand boundary at r = r + , whereas timelike lines in the region to the right of rc all emanate from the right-hand 
r+. We find that in the literature, the objects beyond the two horizons at r = r+ are simply referred to as black 
holes, but in reality the question of which kind of hole one has depends on the type of spacelike hypersurface one is 
in. This is illustrated in detail in Fig. [9] We see that depending on the hypersurface chosen, the global geometry 
can be given by any one of the four BH — BH, WH — BH, BH — WH, WH — WH combinations. Regardless of 
their nature, these holes are located at the poles of the dc Sitter 3-sphcrc. When patched together in this way there 
is a global time coordinate r which covers most of the pasted patch, and which increases "upward" in the resulting 
pasted spacetime, even though r_ decreases as r (and r+) increase. Because the t_ patch is identical to the r + patch 
evolving oppositely in terms of a global observer, to such an observer there is a (formal) time reversal between them, 
so the electric fields (hence the electric charges) are reversed. (The components of the Maxwell tensor transform as 
F° l — > —F ' 1 .) Electric field lines leaving one black hole will enter the other one at the opposing antipodal point. This 
is precisely Wheeler's "charge without charge" . If desired, one could further identify the black hole throats (horizons) 
with each other and turn the S 2 x R 1 topology into a S 2 x S 1 topology. This identification would transform the 
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FIG. 7: The Penrose diagram showing the t± charts covering regions of the extended \Q\ = M RNdS spacetime. The left-hand 
+ region represents part of the spacetime that expands out of a singularity and eventually becomes regular everywhere. The 
right-hand "— " region contains part of the spacetime that eventually shrinks to singularity. The fainter, dotted 45° lines also 
represent black hole horizons r+ that the cosmological coordinates cross without breaking down. 




FIG. 8: A simplified Penrose diagram of the ± charts of Fig. along with the corresponding schematic embedding diagram 
along the red (solid line) hypersurface, which is a time-symmetric cut of the spacetime. Both charts have the same metric at 
r = rc, thus they are joined together there. The corresponding embedding diagram is also glued at r = rc, which gives us the 
S 2 x R 1 topology since the poles of the 3-sphere are behind event horizons. Non-time-symmetric cuts would result in a similar 
3-geometry with differing sizes for the 'bead' and the 'throats'. Such a non-time-symmetric cut is shown for Schwarzschild-de 
Sitter on the upper-right hand panel of Fig. [2] where the solid (red) curve represents the 3-geometry of a time-symmetric slice 
and the dashed (green) curve of the non-time-symmetric case. The time reversing between the charts is shown by the blue 
arrows. For RNdS this implies a reversing of the direction of E-field lines; for Kerr-de Sitter, it would imply counter-rotation 
of two holes located at the poles. 

portion of the RNdS spacetime covered by the (r± , R) charts to a Wheeler wormhole introduced in [38| . This is the 
picture presented by Brill in [4l[ . 
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r = oo 



FIG. 9: Very similar to the slicing of SdS spacetime shown in Fig. [2] We use the same color coding and line types as before: 
Red, solid (i); green, dashed (ii); blue, dotted (iii); black, dash-triple-dotted (iv). These slices intersect BH/WH at 45° lines 
marked r + (either solid or dotted). These slicings respectively give BH — BH,BH — WH,WH — BH,WH — WH pairings 
within the chosen hypersurface. 



B. Kerr-de Sitter from Reissner-Nordstr6m-de Sitter 



We will now demonstrate that the extended KdS manifold can be viewed as a 3-sphere containing a black hole at 
one pole and another at the opposite pole. In section HV A[ we showed this concretely for the RNdS spacetime. Here, 
we will show that the same interpretation holds for KdS. Although this may be obvious to some (especially since 
Reissner-Nordstrom and Kerr share the same causal structure), we will still take the time to make the connection 
more clear. Our results to this end will not be analytically exact, but are based on a simple distortion of RNdS 
spacetime in which the KdS spacetime outside the event horizons remains free of singularities and other kinks. Our 
specific example is the very restricted case of a = M Kerr-dc Sitter, but we argue that it is representative of the larger 
family of KdS solutions. 

Ideally, we would like to find an exact coordinate transformation that would turn the KdS metric to a single 
black hole KT metric of Eq. (|4Tj) . The KdS metric of Eq. (fT2| is rather complicated, so finding such a coordinate 
transformation has thus far been elusive. Instead, we make the KdS metric resemble the RNdS metric of Eq. (|4"TT) and 
use the already available coordinate transformation introduced in section llV Al To this end, we first take a 9 = 
polar cut of the metric in Eq. (|12[) (due to axisymmetry <p can be set to equal any value from to 2tt). Then, in 
analogy to the \Q\ = AI RNdS case, we focus our attention solely on the a = M KdS solution. We do this so that we 
can rewrite A r of Eq. (fT3|) as follows 



r 2 - 2Mr + a 2 (r 2 + a 2 

3 

(r-a) 2 -^(r 2 +a 2 ). 



Furthermore, we define a new time coordinate T by 



(48) 



T 



(49) 



This is simply a rescaling of the time coordinate by a constant factor. Putting all the new changes together into our 
a = M KdS metric, we obtain 



ds 2 



Vr 5 + 1 



Ar 2 



dT 2 + {-g TT )- l dr 2 



(50) 



where gxr equals the expression inside the large square brackets. This looks very similar to the extremal RNdS metric 
given by Eq. (|39l) , which wc display one more time (with a replacing M for the sake of making the comparison easier 
to see): 

a\ 2 Ar 2 " 



ds 2 = - 



dt 2 + (-gtty'dr 2 



(51) 
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We know that Eq. ([5T|) corresponds exactly to the single mass Kastor-Traschen solution which can be covered by two 
charts (t±,R). We have also shown that the part of the extended RNdS covered by these two KT charts can be 
physically interpreted to be the dc Sitter 3-sphcrc with black/white holes at its poles. The extremal KdS metric of 
Eq.(f5(J|) is very nearly identical in form to the extremal RNdS of Eq. tfBTj) . Let us see if we can massage the KdS metric 
([50)) further to make it look more like Eq. (|5"Tj) . We start by defining a new coordinate f in a = M KdS spacetime by 
the following: 



-2 _ 2 I 2 
r = r + a 



rdr = r dr. 



(52) 



Since the maximum value of a is only slightly above unity (see section ILTl]) . we have a 2 /M 2 ~ 0(1). For r/M >> 1, 
rwf. The new coordinate substitution also yields the following expressions: 



dr 2 



y/r 2 + a 2 



:df 2 



\Jr 2 — a 2 



-df 2 = (1 +Si)df 2 



d-s 2 )--_ 



(53) 
(54) 



where 



Si 
<h 



1 



(55) 
(56) 



Above, instead of Taylor expanding in powers of r we have simply gathered all the troublesome terms under the 
'deviation' terms Si and 82- Let us first redisplay the KdS metric of Eq. (|50|) with these new substitutions: 



ds 2 



:u-«-f) 2 -^-«*) 



dT 2 



{-9tt) 



df 2 



(57) 



Recalling our dimcnsionlcss tilde notation, we have a = a 2 = 1. Because of this, the deviations 81 and 82 only grow 
to significant values near f = 1. For example, even for r = 2, the deviations do not exceed 30%. Furthermore, 
as a = M is not the maximum value for the spin of a Kerr black hole in de Sitter background (a max ~ 1-1), the 



actual outer black hole horizon r + ( 



*) lies outside r = M. Since the conformal domain of interest is between 



the outer horizon r + (f+) and the cosmological horizon rc (?c) having a value for the spin less than the maximum 
(a = M < a max ) guarantees that we are safe from the f = a pole in Si shown in Eq. (|5S|) . For example, for value of 
A = 0.001 with a = 1 we have 



1.02 



1.5. 



(58) 



Both of these are larger than 1. And obviously f + = 1 only at the A = limit. Even with such a small value (close 
to 0) for A the deviations do not exceed order unity; e.g. for f + = 1.5 one has Si = 0.8 and 82 = 0.25. 

Although one could argue that the deviation factors are large enough to be significant near the black hole horizon 
(Si ~ f+ ~ O(l)), this does not alter the conformal structure of the spacetime in a serious manner. The deviations 
are contributions to the metric only near the black hole horizon (both Si and 82 — > as f — > 00). As such, they only 
change measurement of lengths in the vicinity of the event horizons. However, rescaling lengths by at most a factor 
of ~ 1.8 (for r~ + w 1.5, 1 +81 w 1.8) is not a significant change to the global structure of a given spacetime manifold. 
As long as we do not poke any new holes in the manifold, the general conformal picture should not change. This is 
the basis for our argument that the general picture of the global structure of Kerr-de Sitter should look like that of 
Reissner-Nordstrom-de Sitter. In short, even though KdS metric can not be made to look exactly like the KT metric 
of Eq. (|4"Tj) . the 3-dimensional 9 = sub-spacetime of a = M KdS looks very much like the Q = M RNdS metric. This 
resemblance is exact in the large r limit. Near the black hole horizons, the lengths are rescaled by nearly a factor of 
two at most, but this is not a significant change to the global structure of the KdS manifold. 

As one has two oppositely charged anti-podal black/white holes in the extended RNdS spacetime, here we expect 
to have counter-rotating holes at the anti-podal points. The r_ chart runs backward with respect to the r+ chart (see 
Fig. [7} so one hole rotates oppositely to the other, therefore yielding zero net angular momentum for the extended 
solution. The right hand figure in Fig. [S] illustrates the physical picture for the spatial hypersurfaces. 
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V. CONCLUSION 



We presented a detailed look into Carter's Kerr-de Sitter spacetime, which is the uncharged, rotating black hole 
solution to Einstein's equation with cosmological constant A. As is known and was shown here, the a = M case 
does not yield an extremal black hole in this spacetime. We quantified this by explicitly solving the apparent horizon 
equation for real roots and showing that the black hole spin tops out around a m 1.1M. Fig. [3] demonstrates that for 
any A > 0, a max > M, and if A > 1/9M 2 then a cannot be zero. Furthermore, if A is larger than some maximum 
value A pa 0.1778/M 2 then there is no longer a black hole in the spacetime. The cosmic expansion tears the black 
hole apart. As far as we know, no one has published computational these results before. 

We also investigated the global structure of the extended solution by first looking at the correspondence between the 
\Q\ = M Reissner-Nordstrom-de Sitter and Kaster-Traschen spacetimes. Globally, the RNdS spacetime can be viewed 
as a 3-sphere containing oppositely charged black/white holes at its poles. In more detail, we saw that depending on 
the kind of spacclikc hypcrsurface, one can get one of the four possible combinations of BH — BH. BH — WH, WH — 
BH, WH — WH at the poles. Using a coordinate transformation and an approximation scheme, we massaged the 
a = M case of KdS to look very much like \Q\ = M RNdS and exactly identical to it in the large r limit. This and 
the fact that the 9 = cut of KdS and RNdS have the same Penrose diagrams led us to conclude that KdS has a very 
similar global structure to RNdS. In this case, the physical picture (spatially) is that of a 3-sphere with a Kerr black 
(or white) hole at each pole; the Kerr holes counter-rotate. The holes are causally disconnected: spacelike separated 
in a nonsingular coordinate patch. In our description the two hemispheres of the 3-sphere are covered by a coordinate 
system made up of two separate natural coordinate charts and there is a natural stitching boundary at the null surface 
Tc- A very simple example of this stitching is given by Brill in [4l| who stitches forward/backward evolving dc Sitter 
universes (no holes) at the cosmological horizon. 

Other matters not yet addressed relating to KdS spacetime include the frame dragging by the spin of the black 
holes, and issues with possible violation of the cosmic censorship conjecture ( [40|) in this spacetime for the non-generic 
cases. In [29| and [30|, the singularity structure of RNdS spacetime is investigated in detail. In J29|, the possible naked 
singularities are classified under names like "generic naked singularity" or "extreme naked singularity" depending on 
which roots of f(r) in Eq. (f3"o]) are degenerate. The generic singularity case yields S 2 x R 1 topology for the t = constant 
spatial hypcrsurfaccs. As before, we can take this to be a 3-sphere minus the poles. But whereas before the poles 
were cloaked behind horizons, now they are simply punctures on the 3-sphcrc. Since the time coordinates of the 
hemispheres are time reversals of each other, the punctures at t he p oles in RNdS act like oppositely charged point 
particles. Although these points are eternal naked singularities, (331 points out that these singularities do not form 
from an initial compact spatial hypersurface (proper initial data) thus obey a form of weak cosmic censorship. Wald 
also agrees with this in 42|, but does not rule out the possibility of RNdS or KdS potentially providing evidence 
against strong cosmic censorship. 

The case of "extreme naked singularity" is more interesting because the RNdS Penrose diagram suggests the creation 
and annihilation of a pair of point charges (with total net charge equaling zero of course, see Fig. 1(d) of [29| and/or 
Fig. 2 of [I(J). These singularities have nonsingular spacelike surfaces to their past i.e. they develop from regular 
initial conditions. Moreover, these singularities are visible from I + . However, as shown in [3^], one can find complete 
timclike geodesies along which the observer spends an infinite amount of proper time travelling and never sees the 
singularities. According to [30j . these singularities then are not really 'naked' because they are not visible to all 
observers originating from a point on a regular spatial hypersurface in the past. These difficulties arise from the fact 
that there is no clear, universally-agrecd-upon definition for naked singularities when the cosmological constant is 
non-zero and there is no asymptotic flatness. These interesting topics are beyond the scope of this article so we will 
not say more about them here. 

As our work shows, the Kcrr-dc Sitter solution has interesting properties and comes with some puzzling peculiarities. 
Although at first, some of these might seem trivial, a closer look shows that they are anything but. We hope that 
we brought some clarity to this picture and helped the reader to have a better understanding of the Kerr-de Sitter 
spacetime. 
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Appendix A: Regularity of the Axis 

In section Hill we noted that the factor of S = 1 + Aa 2 /3 was needed to avoid conical singularities near the black 
hole axis. Here, we demonstrate the role this factor plays. We look at the metric on a section of a spheroid in the 
vicinity of its 'poles' 9 = 0, tt. Near 9 — , s'm9 pa 9 << 1 and cos# « 1. Furthermore, for finite r, rsin^ is also 
small. The relevant part of the metric is 



From Eq . (p~2]) . near the pole we have 



and 



dQl = g 8d d9 2 + g^d(f> 2 . (Al) 



(A2) 



fa 2 cos 2 9 1 + f a 2 



4 , 



Aesin 2 ^, 2 2 . A r a 2 sin 
— T^-(r +a 

Ae sin 2 6 2 2 

p 2 S 2 ( r + a )> 

sin 2 6> 1 + 4« 2 , o ?n2 r 2 



sin 2 fl 1 + fa 2 , 2 , 2 r 2 +a 2 ^ 



■ sin 2 9. (A3) 

3"" ^ " 1 3' r '^ 



Above, we made use of the approximation that sin 4 9 « sin 2 9. The 2- metric of Eq. (|Al[) becomes 



d nj —> Y 2 ( d ° 2 + sin2 9d ^) ■ ( A4 ) 



r 2 + a 2 

This is the line element on a sphere in the vicinity of its poles. As can be seen from the 2-metric in Eq. (|A4j) . the 
factor of 3 effectively rescales the coordinate radius. For example, the circumference of a circle near the poles now 
equals 1-K\Jr 2 + a 2 (l + ja 2 )^ 1 / 2 sin9 as opposed to just I-k^t 1 + a 2 sin# for a Kerr black hole with A = 0. From a 
physical perspective, this type of disagreement with the Kerr result should be expected. For starters, the extra factor 
depends on the cosmological constant A; and A should have an effect on the size of the black hole. If A is large, then 
the black hole would have to be smaller in size in order to keep itself together against the cosmic repulsion. The S -1 / 2 
dependence of the circumference indicates this reaction. A = gives H = 1 which corresponds to the regular Kerr 
case where we have the usual horizon areal radius (ri. + a 2 ) 1 / 2 . As A grows, S exceeds 1, thus making the horizon 
radius smaller than its Kerr value. Basically, a black hole in a dc Sitter universe always has to be smaller than its 
Minkowski counterpart in order to hold itself together against the A driven expansion that increases for larger r. 

Appendix B: Surface Gravity of the Kerr-de Sitter Black Hole 

As in the Kerr case, we find a vector field £ M that is a geodesic, Killing, tangent to and regular at the event horizon. 
If all four conditions are satisfied then the surface gravity k of the black hole is given by the following: 

e^^cc \eh= Kt a \EH, (Bl) 

where EH implies that we must evaluate the equations on the event horizon. Using Killing's equation V Q ^ = — V^^ Q , 
Eq. ([Bl[) can be rewritten as 

-\v^ 2 \eh = <»\eh- (B2) 

The Killing vector tangent to the event horizon of the Kerr-de Sitter black hole looks very much like its Kerr coun- 
terpart (see [HI for a comparison). In Boyer-Lindquist like coordinates of KdS spacetime, £ is as follows ([3lj|): 

' = 4 + n »M- <B3 » 
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where 



Q h = ^TT^ ( B4 ) 
r+ + a 1 

is the event horizon angular velocity. Written in Kcrr-Schild like coordinates the Killing vector becomes 

d a , A , , d . . 

One can readily check that £ is null on the horizon i.e. £ 2 | r=r+ . To use the geodesic equation IB2I properly, we must 
use the global form of £ M where r + is left as radial coordinate variable r. After all, £^ is required to be Killing only 
on the event horizon. We can compute the left hand side (LHS) of Eq. (|B2jl in any coordinate frame we wish. Using 
BL coordinates we get 

Here A,, and p 2 have the usual meanings from section UTTl This expression is a function only of the radial coordinate 
r, so the only non-zero contribution to the LHS of Eq. (|B2j) comes from V r = d r component: 



- \v»e\EH ~d r e\r=r + = \ r++ r {™ V +) . (B7) 

Above, the prime indicates differentiation with respect to r and we used the fact that £ 2 is a scalar. After taking the 
derivative, we evaluate everything at r — r+. On the right hand side of Eq. (|B2[) . we have £ M , which has a non-zero 
r-component because in KS coordinates, the metric has a g Tr crossterm. Thus, we have 

2Mrp 2 

^ (r 2 +a 2 ) 2 (l-Ar 2 ) ' V ' 



Now, Eq. (|B2|) becomes 



which gives for k 



2(r 2 _ + a 2 ) 2 rK+ ' [r\+a 2 ) 2 {l-\r 2 y 



A „2 



3 



-K(r+) , (BIO) 



AMr+ 

consistent with Eq. ([2^|) above. Ea. (|B10p precisely matches the expression presented in different notation in [3lj 



Appendix C: Kastor-Traschen Spacetime 

First discovered by Kastor and Traschen ([IH), the KT metric represents a de Sitter universe containing N black 
holes, each located at Rj. For H = (A/3) 1 / 2 , the KT metric is given to be: 

dr 2 

ds 2 ^-jjj + ^idR 2 + R 2 dn 2 2 ), (CI) 



where 



M 



" = ^+Etb-tw < C2 > 



(=1 



This is the same metric as that of \Q\ = M RNdS spacetime except with more than one black hole. Physically, this 
represents the situation in which the Coulomb force cancels the Newtonian gravity and the black holes accelerate away 
from each other under the influence of the cosmic expansion. As was shown in section IIV A[ the spatial geometry 
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near each black hole is that of a 3-cylindcr. In this "expanding" coordinate system of Eq. (|Cl|) . one starts with N 
singularities at r = — oo which then expand into smooth, non-singular spatial 3-cylinders by the time r = 0. For 
t > 0, we have N black holes that are smoothly joined near R = oo. The case of a single mass corresponds to the 
\Q\ = M RNdS metric presented in section HV A[ One can also write this metric using a contracting chart. 
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